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Abstract The objective of the present paper is to give an
analytic approximation of the performance of elastic traffic
in wireless cellular networks accounting for user’s mobil-
ity. To do so we build a Markovian model for users
arrivals, departures and mobility in such networks; which
we call WET model. We firstly consider intracell mobility
where each user is confined to remain within its serving
cell. Then we consider the complete mobility where users
may either move within each cell or make a handover (i.e.
change to another cell). We propose to approximate the
WET model by a Whittle one for which the performance is
expressed analytically. We validate the approximation by
simulating an OFDMA cellular network. We observe that
the Whittle approximation underestimates the throughput
per user of the WET model. Thus it may be used for a
conservative dimensioning of the cellular networks.
Moreover, when the traffic demand and the user speed are
moderate, the Whittle approximation is good and thus leads
to a precise dimensioning.

Keywords Communication system performance -
Radiocommunication - Markov processes - Mobility -
Speed

1 Introduction

The performance evaluation of wireless cellular networks
may be decomposed into three subproblems.
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First, we have to characterize the performance of a
single radio link. In doing so we have to take into account
the radio signal variations due to multi-path fading. This
may be carried by using the tools of information theory.

Once the single link performance is characterized, we
should take into account the interference between the dif-
ferent links which depends on the relative geographic
positions of the users. In particular, this interference should
be taken into account when resource (power and band-
width) is allocated to the users. In order to optimize the
network performance, the resource allocation may be
adapted to the channel conditions, for example by allo-
cating the resource to the user with the best radio condi-
tions. Such allocation is said opportunistic.

Finally, the dynamics induced by the users arrivals,
mobility and departures should be taken into account in
order to calculate the throughput or delay perceived by the
users in the long run of the network. This may be done by
using tools from queueing theory.

A careful separation of the time scales between the
above three subproblems is required to get a global per-
formance evaluation method. The mobility of the users in
wireless cellular networks have effects on each of the
above three subproblems (or time-scales).

The effect of user’s mobility at the information theory
and resource allocation time scales has already been
investigated, at least qualitatively, as will be discussed in
Sect. 6.

The objective of the present paper is to study the effect
of mobility of the users at the queueing theory time-scale.
More precisely, we assume that the single level perfor-
mance (given by information theory) doesn’t depend on
user’s speed. Moreover, we assume a given resource allo-
cation scheme which may be either opportunistic or not,
but doesn’t depend on mobility. The network carries elastic
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traffic (non-real-time data),1 which accepts fluctuations of
the bit-rates.

Even though the above assumptions seem to be too
simplistic, they permit to study and understand the effect of
user’s speed at the queueing theory time-scale. In other
words, we decompose the complex problem at hand into
subproblems as it is usual in science.

The remaining part of this paper is organized as follows.
We begin by discussing the related literature in Sect. 1.1.
Then we describe the basic model and tools in Sect. 2. In
Sect. 3 we study a model where mobility is only allowed
within each cell. In the two extreme mobility regimes
corresponding to null and infinite user’s speed, we give
analytical expressions of the performance. But for inter-
mediate user’s speeds, no analytical results are known, so
we propose in Sect. 4 approximate expressions for the
performance by using an approximate model. Finally, we
validate the proposed approximation in Sect. 5 by simu-
lating an Orthogonal Frequency-Division Multiple Access
(OFDMA) cellular network serving elastic traffic users
which are subject to mobility. In Appendix 1 we describe a
particular model for mobility called completely aimless
mobility.

1.1 Related work

There are many publications on performance evaluation of
wireless cellular networks serving elastic traffic, see for
example [2-4, 12, 14, 22, 26, 28].

Nevertheless only few authors study the effect of the
mobility of users on performance, which is the main con-
cern of the present paper.

Bonald et al. [10] studies the effect of some local
variations of the user feasible rates induced typically by
fading. Even though, these variations may be viewed as
related to some local mobility, they don’t account for the
(large scale) geographic mobility of users.

For elastic traffic, the mean number of users may grow
unboundedly in the long run of the system. This situation
has to be avoided; in which case we say that the system is
stable.

Bonald and Proutiére [13, Sect. 2] proposes a Whittle
model to evaluate the impact of mobility of elastic users on
performance of cellular networks. Roughly speaking, in
this model each user has some volume of data to transmit at
each visited location, and he does not move from this
location until the end of the transmission of the required
volume (for a precise definition of the Whittle model see
for example [27]). Unfortunately, in this model the
mobility of the users is influenced by a congestion in the

! Streaming services (i.e. real-time such as voice calls, video
streaming, etc.) are not considered in the present study.
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network. In particular, when the network approaches
instability, user mobility is being frozen.

A more suitable model, where mobility is independent
from users services, is studied in [16, 17], whose results are
summarized in [11, Sect. 4]. Considering a stationary and
ergodic mobility process, the stability conditions as well as
stochastic comparisons of performance are given for o-fair
scheduling schemes. It is shown in particular that mobility
increases capacity. (It is also shown that capacity decreases
with the fairness index o, but this is not in the scope of the
present paper.)

A similar model, called WET model, is considered in [7].
In the WET model each user has some given volume of
data to transmit during the whole sojourn in the system
independently from his mobility.

Unfortunately neither of the previous four references
give an explicit expression of the performance, except in
the two extreme cases of motionless and infinitely-rapid
users. In the case of non-null and finite mean user speed,
the performance of the WET model may only be deduced
from simulations. Analytical expressions are needed for the
network dimensioning; i.e., evaluating the minimal number
of base stations assuring some quality of service (typically
a given throughput per user) for some given traffic demand
per surface unit.

1.2 Our contribution

In the present work, we approximate analytically the per-
formance of the WET model in the case of non-null and
finite mean user speed. The idea is to make an appropriate
modification of the WET model into a Whittle one, for
which analytical results are available.

We validate the approximation by simulating an OF-
DMA cellular network. We first consider intracell mobility.
We observe that the throughput per user given by the
Whittle approximation is smaller than that of the WET
model. Moreover, for a moderate traffic demand (small
compared to the critical value corresponding to instability),
the approximation is very good.

Then we consider the complete mobility where users
may either move within each cell or make a handover (i.e.
change to another cell). We observe that the complete
mobility performs better than intracell mobility. On the
other hand, when the mean user speed is moderate, the
performance for complete mobility may be approximated
by that of intracell mobility.

Since the Whittle approximation underestimates the
throughput per user of the WET model, it may be used for a
conservative dimensioning of the cellular networks.
Moreover, when the traffic demand and the user speed are
moderate, the Whittle approximation is good and thus leads
to a precise dimensioning.
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2 Basic model and tools

In this section we develop mathematical tools for the
spatio-temporal analysis of the wireless networks with
elastic traffic. In particular we introduce and study a
Wireless Elastic Traffic (WET) model.

2.1 System state and its evolution

We will consider a wireless network composed of a finite
set of base stations (BSs). We assume that each BS u serves
users is some exclusive geometric cell associated to it,
which is a bounded subset of the plane R?, and which does
not evolve in time. With a slight abuse of notation, we will
use the same letter for the BS and its cell. In particular,
x € u means that the location x is served by BS u.

Let D be the union of all the cells. Elements x € D denote
geographic locations of users in the system. Configurations
{x;} C D of users in the system are identified with the
corresponding counting measures v =, &,,; where ¢, is
the Dirac measure defined by ¢(A) =1 if xe A and O
otherwise. Consequently v(A) is the number of users in the
set A C D. In particular, v(u) is the number of users in the
cell u. We denote by M the set of all finite configurations of
users in the system (i.e., finite counting measures on D).

We will describe the temporal evolution of the config-
uration of users in DD by a pure jump Markov process,
which takes values in M. This process evolves because of
users arriving, moving or leaving the system, with only one
such event being possible at a time.

2.2 Wireless elastic traffic (WET) model
2.2.1 Arrivals and departures

We will model the process of call arrivals to and departures
from D as a birth-and-death process: for a given subset
A C D, interarrival times to A are independent of every-
thing, exponential random variables with mean 1/A(A),
where A(-) is some given intensity measure of arrivals to D
per unit of time. In homogeneous traffic conditions, we can
take A(dx) = Adx, where A is the mean number of arrivals
per unit of area and per unit of time.

We assume that each arrival brings to the system some
volume of data (amount of bits that has to be sent or
received), which is modeled by an independent of every-
thing else, exponential random variable with parameter p.
Users are served by the BS according to some transmission
rate assignment policy. They depart immediately after
having transmitted their volumes. The departures times
depend on the number and positions of the users and the
rate assignment policy.

The measure

Aldx)
pldx) = ——=
(dx) p
is called traffic demand density (expressed in kbps® per

surface unit).

Remark 1 The assumption that the interarrival time (i.e.
the duration between two new arrivals to the system) has
an exponential distribution permits to make the model
analytically tractable. The assumption that the volume
brought by each arrival has an exponential distribution may
be in some cases relaxed due to the so-called insensitivity
property [5, p. 123], but this is not in the scope of the
present paper.

2.2.2 Mobility

We will model the mobility of users is D by some Markov
process. Specifically, we assume that users move inde-
pendently of each other in ID. The sojourn duration of a
given user at location x € D is exponentially distributed
with parameter A'(x). Any user finishing its sojourn at
location x, is routed to a new location dy according to some
probability kernel p’(x, dy), where p’(x,D) = 1.

The above description corresponds to a Markov process
on D with the following generator (of the individual user
mobility): A(x, dy) = 2/ (x)p'(x, dy) called mobility kernel.
We will always assume that this Markov process is ergodic
and will denote its invariant distribution by a(-); it satisfies:

o(D) =1
/ 2(x,D)a(dx) = / Ax,A)o(dx), ACD (1)
A D

where the first equation assures that ¢ is a probability
measure and the second one is the so-called balance
equation.

We give in Appendix 1 the explicit expressions of the
parameters A'(x) and p’(x, dy) for a particular example of
mobility model: the so-called completely aimless mobility.
Note that in this particular case A(x, dy) is proportional to
the average speed of users denoted v. We will always
assume such proportionality. It follows in particular that
the solution ¢ of (1) is independent of v.

2.2.3 Transmission rates

When the configuration of the users in the network is
v € M, each user located at some x € D is allocated a
transmission rate which we will denote by r(v). In cellular

networks, the expression of the function r,(v) derives from

2 The abbreviation kbps designates “Kilo-bit per second”.
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some condition of the feasibility of the resource (power and
bandwidth) allocation problem as we shall see in Sect.
5.1.1. In this context, a sufficiently general form of the
transmission rates is as follows

1
h(v(u(x)))y(x)”

where 7 : N — R, and y: DD — R, are two given func-
tions and u(x) is the cell containing x. The function 7 is
related to the geometry of interference, whereas the func-
tion & depends on the type of resource allocation; for
example whether it is opportunistic or not. (We shall see in
Sect. 5.1.1 that in the particular case of a non-opportunistic
allocation, we have h(n) = n.)

We introduce for future reference the function H(s)
defined for s > O by

EH(X +1 M i
H(s) = [H(X +1)] 7 (M) = [Ti, h(k) '1f M>1
E[H(X)] 1 itM =0
(3)
where X is a Poisson random variable with parameter s. In
the particular case h(n) = n, we have

re(v) = xeD,veM (2)

H(s) = (4)

(for a proof see [24, p. 99]).
2.2.4 Generator

Assume that the system is in some state v € M. An arrival
of a user at position y brings the system to state v + &, and
this occurs with rate A(dy). A departure of a user from
position x brings the system to state v — ¢,, and this occurs
with rate p r(v)v(dx). Finally a mobility of a user from
position x to position y brings the system to state v —
& + &, and this occurs with rate A(x, dy)v(dx). Thus the
generator g of the Wireless Elastic Traffic (WET) process
is:forveM, I'CcM

qgv,T) = / 1(v+e¢, € T)A(dy)

D
+ | 1(v— & € I)ur(v)v(dx)
/
+ / 1(v — &+ &, € T')A(x, dy)v(dx) (5)
DxD

where the three integrals in the right-hand side of the above
equation correspond to arrivals, departures and mobility of
users respectively. We shall always assume that the gen-
erator ¢ is regular (for definition and for sufficient condi-
tions for this assumption to hold see for example [24, Sect.
6.2.2]).
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Our WET model for wireless networks serving elastic
traffic is different form the Whittle model proposed for
such networks in [13, Sect. 2] (see Sect. 1.1 for more
discussion). If the WET model is more realistic, its
inconvenience is that we cannot evaluate its performance
explicitly. For this reason, following the idea of [10], we
shall consider the following two extreme cases: no
mobility and infinite mobility. In the former case the WET
model is equivalent to a spatial version of the Whittle
model of [13, Sect. 2], while in the latter case we proceed
by a separation of the time scales of mobility and arrivals/
departures.

2.2.5 Performance indicators

If the process describing the evolution in time of the users
configuration isn’t ergodic, then the mean number of users
grows unboundedly in the long run of the system. This
instable situation has to be avoided in real-life networks.

One distinguish two milestones of the analytical evalu-
ation of the network performance: identification of its
stability region, and the evaluation of the steady state
characteristics (e.g. the mean number of users, the mean
throughput and delay perceived by each user).

2.3 Whittle approximation

In the case of non-null and finite mobility, the performance
of the WET model may only be deduced from simulations.
We aim to approximate analytically this performance. The
idea is to make a modification of the WET model into a
Whittle one, for which analytical results are available.
More specifically, we consider the following modified
version of the WET generator (5)

qdv,IN= [ 1(v+e,e€T)A(dy)
/

+/ 1(v—g e ) ury(v)v(dx)

D

+ / 1(v— &+ € D) A(r,dy)h(v(u(x))) " v(dx)
DxD

(6)

where we have modified only the mobility component by
introducing ’artificially’ h(v(u(x)))fl, just to make the
process of Whittle type [24, Sect. 7.1.1] ; and thus ana-
lytically tractable as we will see later. We shall validate
this approximation by comparing its results to those of the
simulation of the original WET model.
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2.4 Intracell and complete mobility

When the users move in a cellular network, they may some
times change their serving base station, a phenomenon
called handover. We will distinguish such intercell
mobility from the mobility inside the cell, which we call
intracell mobility.

More specifically we distinguish the following variants
of the WET model. In the intracell mobility model the users
move inside each cell but never cross the frontier between
the cells. Concretely, when a user arrives to the edge of a
cell, he may only backtrack. An example of such model is
described in Appendix 1.2. Of course, this is not a very
realistic model, but it will help us to understand the key
phenomena and relations for the complete mobility model
which comprises both intracell and intercell mobility.

3 Performance for intracell mobility

We begin our analysis of the performance of the WET
model by considering only intracell mobility. By assump-
tion each user remains in the same cell during all its call.
Since moreover the service rates (2) in a given cell depend
only on its users, we may study the evolution of the con-
figuration of users in each cell individually, i.e. indepen-
dently from that in the other cells.’

Along the present section, we are interested in the pro-
cess describing the evolution of the configuration of the
users in a given cell u. Note that in order to simplify the
notation, we shall omit to specify explicitly the dependence
of some parameters (such as the traffic demand in the cell)
on u.

3.1 No mobility case

Assume now that the users don’t move; i.e., each user is
served at his arrival location.

Proposition 1 Consider a particular cell u and let
0 = Au)/u be the corresponding traffic demand. Let

~ 1 A |
V= m/u P(x)A(dx), p. ==
If

<p, lim —— .
p pC Nn—00 h(l’l)

then the corresponding WET model without mobility is
stable. In this case the expected number of users in cell u,

3 Nevertheless each cell is not isolated from the rest of the network,
since the effect of the interference from the other cells is indirectly
taken into account in (2) as we shall see in Sect. 5.1.1.

the mean delay and throughput per user are given
respectively by

_ _ N 1
NzﬁH(ﬁ), T="" 5=,
Pe \Pe Au) uT
In the particular case h(n) = n, the above formulae
become

_ I _ 1 _

N = ) T:7) r=pc—p- (8
Pe— P 1(pe = p) )

Proof Note that the WET model without mobility is a

spatial birth-and-death model equivalent to a spatial

processor sharing queue. Let p/(-) be the measure on D
defined by

/ *l . X X
p@) =, [ 12, acD.

A

We deduce from [20] and [15, Proposition 3.1] that if

/ . n
P < 0 iy
then the corresponding WET model without mobility is
stable. In this case, it is shown in [24, Sect. 7.2.4] that in
steady state the expected number of users in a subset A of a
cell u and the mean delay and throughput per user are given
respectively by

N@A) = p (AR (W), T(A)=-75. HA)= ==

s
=
=

e

where the function H is given by (3). (Note that the second
equality is due to Little’s theorem [6].) Observing that

) = [ 1)) = p7 =2

c
u

finishes the proof of the first part of the proposition. For the
particular case h(n) = n, it is enough to recall that the
function H is given by (4). O

The right-hand side of Eq. (7) is called crifical traffic
demand.

3.2 Infinite mobility

Suppose that the mobility of users is so fast that we can
reasonably assume that during the periods of time when the
number of users is constant, each user receives a service
rate that is averaged over its mobility. More precisely, we
assume that all the users in cell u receive the same service
rate equal to
Justo(dx)
/rx(v)a(dx) 7))

u
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where o is the stationary distribution of the mobility kernel
[i.e. o is solution of (1)]. Then cell u may be considered as
a processor sharing queue with arrival rate A(u) , mean data
volume per user 1/u and service rate given by the above
equation.

Proposition 2 Consider a particular cell u and the cor-
responding WET model with infinite mobility. The results of
Proposition 1 hold true with p. replaced by

A
pe == [ olan. ©)

u

In particular, the stability condition is

p<p., lim . (10)

h(n)

Proof Note that the WET model with infinite mobility is
equivalent to a processor sharing queue. Let p’, be defined
by
0

ol ﬁ o(dx)

We deduce from [20] and [15, Proposition 3.1] that if

' < Tim —
Poe = 2% h(n)

then the corresponding WET model with infinite mobility
is stable. The end of the proof is then similar to that of
Proposition 1; in particular note that

o Hw e _p
> .ufuﬁa(dx) “/_l Peo

3.3 Comparison

We aim now to compare the performance of the models
with null and infinite mobility.

Proposition 3 Assume that the arrival intensity A(-) is
proportional to a(-), i.e.; a(-) = A(-)/ (D). Then
Pe=Pe,-

Let ¥ and 7, be the mean throughput per user for the

models with null and infinite mobility respectively. Then,
for a given traffic demand p,

F< Foo

Proof The first inequality follows from the Jensen’s
inequality. For the second inequality, consider the
particular case h(n) = n. We deduce from (8) that

For the case of general h(.) see [7, Corollary A.5]. O
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We deduce from the above proposition that the mean
throughput per user for the model with infinite mobility is
larger than for that with no mobility. We shall observe
numerically the more general result that the throughput per
user increases with the mean user speed v.

3.4 Intermediate speed

Unfortunately, in the case of intermediate speeds
(0 < v < ), there is no known analytical results about the
performance of the WET model. We shall study a useful
approximation in the next section. The results of the sim-
ulations reported in Sect. 5.3.1 below lead to the following
observations about the WET model:

1. The stability condition of the WET model for a mean
user speed v >0 seems to be identical to that for
infinite mobility, i.e. (10).

2. For a given traffic demand, the throughput per user of
the WET model increases with the mean user speed v.

3. For a moderate traffic demand, the throughput per user
of the Whittle approximation (6) agrees well with that
of the WET model (5).

The first and second results are proved mathematically
in [11, Sect. 4.2.2] and [10, Sect. VI], respectively. The
third observation is new.

4 Whittle approximation performance

We aim now to derive the performance of the Whittle
model described in Sect. 2.3. The results in the present
section apply for either intracell or complete mobility
models. Indeed, we will show in Sect. 4.2 that these two
mobility models are equivalent within the Whittle
framework.

4.1 Performance

We assume that the following system of equations

(D) = / o

D
[ eyt + [ s fan)
A A

- / A(x, A)p' (dx) + A(A)

D

(11)

(for all A C D) admits a unique solution p’(-) such that
P’ (D) <oo. We call the measure p'(-) the modified traffic
density.
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Remark 2 We now show that Equations (11) are the
balance equations for some extension of the mobility ker-
nel A(x, dy). To do so we introduce a “ virtual” state o ¢ D
which can be seen as a location outside the space I, and
which represents the location of calls arriving to or leaving
the system. Denote D = D U {0}. We extend the mobility
kernel A(x, dy) on D as follows
, H

;“(ovA) /I(A)v /L‘('xﬂ {0}) y(x) )
The extended kernel is called traffic kernel. Then (11) is just
a reformulation of the corresponding balance equations; i.e.

p'(0) =1, //l(x,ﬁ)p'(dx) :/i(x,A)p'(dx), AcCD.

A D

xeD,ACD.

Proposition 4 Consider the Whittle Markov process with
generator (6). If for all cell u

() < lim —— 12
Pl < lim e (12)
then the Whittle process is stable. In this case, the expected

number of users in cell u, the mean delay and throughput
per user are given respectively by

_ _ N 1
N = / ! T — T F=—.
In the particular case h(n) = n, the above formulae become
/ /
Vo P (Lf) R S A C) —
1 —p/(u) Alu) (1= p'(u))

=

Proof For the expected number of users see [24,
Proposition 41]. The expression of the mean delay follows
from Little’s formula. Finally, the mean throughput equals
the mean volume divided by the mean delay. O

It is interesting to reformulate the stability condition in
the above proposition in a form analogous to (7), i.e. traffic
demand per cell less than a critical value. This is done in
the following corollary.

Corollary 1 Consider the Whittle Markov process with
generator (6). For each cell u, Condition (12) may be
written as the traffic demand in cell u, denoted p, satisfying

<p, Tim —
P p“”naoch(n)

and p/l(dx) is solution of Equations (11) with A(dx)
replaced by i(dx) = A(dx) /p(u). In case of stability the

expected number of users in cell u, the mean delay and
throughput per user are given respectively by

_ _ N 1
Pe, \Pe, Au) uT
In the particular case h(n) = n, the above formulae
become
0 1

N=—— T=———~, F=p, —p.

Pe, = P w(pe, = p) "

Proof Consider the Whittle model and a particular BS
u. It is easy to see from (11) that when the arrival intensity
A(dx) is multiplied by a constant a, then the modified traffic
demand density p'(dx) is multiplied by the same constant.

Taking a = 1/p(u) shows that
p'(dx) = p(u)p (dv)

where pll(dx) is solution of (11) with A(dx) replaced by

21(dx) = A(dx)/p(u). Denoting p, = p,#(u) and using Prop-
1

osition 4 finishes the proof. O
4.1.1 Retrieving the null mobility result

It is easy to see that the WET and Whittle models are
identical when the mean user speed v is null. Let’s check
that the results of Corollary 1 with v = 0 are coherent
with those of Proposition 1. To do so, it is enough to
check that

Pey = Pe-
Proof It is easy to see that, when v = 0,
ph () = L),
Thus

1
piw) = s [ )

1 : )

= 7()A(dx) =7
Therefore
1 1

ST

4.1.2 Retrieving the infinite mobility result

We aim now to study the limit of the Whittle performance
when the mean user speed goes to infinity. To this end,
proceeding as in [24, Proof of Proposition 33], we deduce
that when v — oo the modified traffic demand density goes to
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'(dx) = I ON o(dx

In particular, when A(dx) is replaced by A;(dx) = A(dx) /
p(u), we get

pi(dx) =

Ju V(ly) o(dy)

Thus

1 1
p“:MMZ/WVW)

u

which agrees with (9).

4.2 Complete versus intracell mobility

We shall show that the invariant distributions of the
Whittle model has a product form from which it will follow
that the complete and the intracell mobility models are
equivalent within the Whittle framework.

Proposition 5 Assume that the stability condition (12)
holds true for all cell u. Then the Whittle generator (6)
admits as invariant measure the measure on M with density

v(u)
Yo =] <H h(i))
u i=1

with respect to the distribution of the Poisson process on D
with mean measure p'.

Proof This follows from [24, Proposition 28]. ]

Let p’ and p’u be the solutions of Equations (11) for
complete mobility and intracell-u mobility models
respectively. Moreover, let © and n,, be the invariant dis-
tributions of the Whittle generator (6) for complete
mobility and intracell-u mobility models respectively.

Assume that, for all cell u in the network, p; is the
restriction of p’ to u (which is the case for the completely
aimless mobility as assured by Proposition 9). In this case,
Proposition 5 shows that

-
u

It follows that the expectations of the number of users
within cell u with respect to n and 7, are the same. The
performance (mean delay and throughput per user) for the
complete and the intracell mobility models are then iden-
tical within the Whittle framework. But is such result true
within the WET framework?
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4.2.1 Back to the WET framework

Since analytical results are not yet available for the WET
model, the comparison of complete and intracell mobility
within the WET framework can only be carried by simu-
lations. The results of the simulations reported in Sect. 5.3
below lead to the following observations about the WET
model:

1. When the mean user speed is moderate, the perfor-
mance of complete mobility may be approximated by
that of intracell mobility.

2. When the mean user speed is high, the performance of
complete mobility is better than that of intracell
mobility.

5 Elastic traffic in OFDMA

In this section we will show how the ideas developed in the
previous sections can be used to analyze the performance
of an OFDMA cellular network serving elastic traffic users,
which are subject to mobility. The main goal is to evaluate
the impact of their average (mobility) speed on throughput,
when taking into account the geometry of interference in
the whole network.

5.1 Feasible configurations of users

First we briefly recall the problem of resource allocation in
wireless cellular networks.

5.1.1 Feasible configurations

It is natural to identify the feasible configurations of bit-
rates in the network DD by studying the feasibility of
resource (power and bandwidth) allocation problem. In this
approach, a given configuration of bit-rates is feasible if
there exists an allocation of powers and bandwidths to
users which respects the information theory constraint as
well as the maximal power and total bandwidth constraints.
However, solving this resource allocation problem for a
large network is a very complicated task.

Sufficient condition It is shown in [8] that a sufficient
condition for the feasibility of resource allocation is that
each base station u respects the following inequality for the
users of its own cell

> v <1 (13)
xeviu

where r, is the bit-rate for user x, and y(-) is some non-
negative function of the user location. (The above condi-
tion may be derived by assuming that all base stations emit
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with their maximal powers and the users have equal power
spectral density; see [8, Sect. IV.B]. Note also that the
effect of the interference from the other cells is taken into
account in (13) since this condition assures the feasibility
of the global resource allocation.)

The above approach suggests the following choice of the
bit-rate allocation

where v(u) is the number of users in cell u. Note that the
above allocation is a particular case of the general form (2)
with the function A there given by h(n) = n. The above
allocation is called non-opportunistic by opposition to
opportunistic allocations which allocate the resource to the
user with the most favorable fading state (see [9]). The
general form (2) permits to account for such allocations,
but we shall only consider non-opportunistic allocations in
the simulations reported in the present paper.

Cell discretization In order to get a discrete model, we
partition each cell into several rings around the base sta-
tion. Then we take as representative value in each ring of
the function y(-) in (13) the average of y(x) where x is
distributed according to A(dx). In the most simple case,
when u is not partitioned at all, we get a unique value,
denoted ), which equals

7= % / P(x)A(dx).

In this case the geometric model boils down to a discrete
one.

5.2 Model specification
5.2.1 Network architecture

We consider the radio part of the downlink in wireless
cellular OFDMA networks. In order to obtain numerical
values, we consider the most popular hexagonal model,
where the base stations (BS) are placed on a regular
hexagonal grid. Let R be the radius of the disc whose
area is equal to that of the hexagonal cell served by each
base station, and call R the cell radius. We take R =
0.525 km.

In order to avoid the border effects we consider the
network that is *“ wrapped around”; i.e., deployed on a
torus comprising 4 x 4 = 16 cells. Each cell is decomposed
into three (equally thick) rings around the base station.

We assume a propagation loss L(r) = (Kr)", with
n = 3.38 and K = 8,667 where r is the distance between the
transmitter and the receiver.

The system bandwidth equals W = 5 MHz.

Base stations are equipped with omnidirectional anten-
nas having a gain 9 dBi and no loss. The BS maximal total
power equals 43 dBm; thus P = 43 + 9 = 52 dBm when
we account for antenna gain and loss. The common
channel power P is the fraction ¢ = 0.12 of P and the
ambient noise power equals N = —103 dBm.

5.2.2 Call arrivals and data volumes

We consider elastic traffic calls arriving spatially uniformly
over the cell; i.e. A(dx) = 4 dx. Each arrival brings to the
system some volume of data of mean 1/u which we will
specify in the next section.

5.2.3 User mobility

We assume the completely aimless mobility model
described in Appendix 1. It yields the uniform stationary
distribution ¢ of user location in the network.

Note that if we replace the generator g given in Equation
(5) by g/p then the corresponding invariant distribution
remains unchanged. Thus all we have to specify in the
simulations are the traffic demand per cell p = A(u)/u
expressed in Mbit/s and the ratio v/p expressed in
Mbit x km/s. Besides the null speed case v = 0, we make
simulations with

o/u=10"31072,...,10°%

If the mean data volume 1/u = 1 Mbit, then the above
values correspond respectively to mean user speeds

v = 3.6,36,. . .,3600000km/h

The high values of the user speed permit to approach
numerically the theoretical infinite speed case. Note that if
the mean data volume 1/ = 1 Gbit, then the mean user
speeds are respectively

v = 0.0036,0.036, .. .,3600km/h.

5.2.4 Dynamic simulations

The simulations are performed using Matlab. Due to the
discretization of each cell into three rings, the configura-
tion of users in the system is simply the number of users in
each ring of each cell.

We start from an empty system (no users) and make 10°
transitions (arrivals, departures or mobility of users) of the
Markov process describing the evolution of the configu-
ration of users in the system. The number of transitions is
sufficiently large in order to attain the stationary regime.
The expectation of the configuration of users under the
stationary distribution is then estimated from the simulated
trajectory by using the ergodic theorem [18, Theorem 6.2,
p. 363]. Applying Little’s formula [6] we get the mean
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delay per user. Finally, the mean throughput per user is
calculated as the ratio of the data volume average and the
delay.

5.3 Numerical results
5.3.1 Intracell mobility

We consider first the intracell mobility model.

Figure 1 shows the mean throughput per user for the
WET model as function of the traffic demand per cell for
v/p = 1073, 1072, ..., 10, Note first that the numerical
result for v/ = 100 agrees with the analytical result for
infinite mobility. Note moreover that for a given traffic
demand, the throughput per user increases with speed, thus
performance is improved by mobility in accordance with
the theoretical result of [10, Sect. VI]. On the other hand,
Fig. 1 (down) shows that the stability condition for the
three values v/p = 1, 10, 100 is the same as that for the
analytical model with infinite mobility in accordance with
the theoretical result of [11, Sect. 4.2.2].

Intracell mobility
12 T T T T T

v=0, analytic

10 v/mu=0.001, simul.

v/mu=0.01, simul. [ ]
v/mu= 0.1, simul. O
v=Inf,

analytic

Throughput per user [Mbps]

4 |

2 i

0 1 | ]

0 2 4 6 & 10 =12
Traffic demand per cell [Mbps]
Intracell mobility

12 T T T T T
_‘é_ 10 v=0, analytic
s [] v/mu= 1, simul. 7
o 8 L v/mu= 10, simul. D |
(2]
> v/mu=100, simul. ()
8. 6 - v=Inf, analytic 7
3
Ny 4 -
(@]
=}
° 2t |
e
'_

0 | 1 | [ ]

0 2 4 6 8 10 12

Traffic demand per cell [Mbps]

Fig. 1 WET model with intracell mobility
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A possible intuition justifying this result is as follows.
When the WET model approaches instability, the call
duration (delay) of each user increases whereas its motion
is not altered (by opposition to what happens in the Whittle
model where user mobility freezes when instability is
approached; for more discussion see Sect. 1.1). At insta-
bility, the call duration is infinite and the user traverses all
the network (many times) exactly as if its speed were
infinite.

Figure 2 shows the results obtained by simulations for
the WET model and those obtained analytically for the
Whittle approximation. We observe that the throughput
given by the Whittle approximation is a lower bound of
that of the WET model. Moreover, for a small traffic
demand (small compared to the critical value correspond-
ing to instability), the performance of the Whittle approx-
imation agrees well with that of the WET model.

In particular, when the traffic demand goes to zero, the
two models have the same performance, i.e. give the same
mean throughput per user. The throughput corresponding
to a null traffic demand is a key performance parameter

7 T T T T T
_ E v/mu=0.001, approx.
§- 6 v/mu=0.001, simul. T
% 5 L v/mu= 0.01, approx. ——— |
o . v/mu= 0.01, simul. D
] - -
5 v/mu= 0.1, approx. ———
o .
= 3+ v/mu= 0.1, simul. Q -
£
o 2 -
>
o
= T

0 1 1 1 @ L KA

0 2 4 6 8 10 12
Traffic demand per cell [Mbps]
12 T T T T T
v/mu= 1, approx.

o .
2 10[ v/mu= 1, simul. b
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2 8 v/mu= 10, simul. D ]
=
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[=)
>
o
s 2 f -
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Fig. 2 Whittle approximation versus WET simulations for intracell
mobility
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Null traffic demand

7 T T T T
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v/mu=0.001, intracell
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v/mu= 0.01, intracell
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Fig. 3 Whittle approximation versus WET simulations for null traffic
demand

since it gives also the slope of the throughput as function of
the traffic demand as we see in Fig. 2. We represent this
throughput (corresponding to a null traffic demand) as
function of the speed obtained by simulations for the WET
model and analytically for the Whittle approximation in
Fig. 3. This confirms our previous observation that the two
models agree in this case and shows how does the
throughput corresponding to a null traffic demand increase
with speed.

5.3.2 Complete mobility

Figure 4 shows the results of the simulations of the WET
model with complete and intracell mobility. We see glob-
ally that the complete mobility gives a larger (or equal)
throughput than the intracell mobility. This result com-
plements naturally the previous observation that the
throughput increases with the user’s speed when only in-
tracell mobility is considered. In fact, the performance
improves when mobility within each cell increases, and
improves even more when mobility between the cells is
allowed. Thus considering only intracell mobility gives a
conservative estimate of performance.

We observe on Fig. 4(top) that the improvement of
complete mobility compared to intracell mobility is neg-
ligible when v/ < 0.1. Thus when the mean user speed is
low enough, the performance of complete mobility may be
well approximated by that of intracell mobility.

6 Other time scales
Till now we considered only the queueing theory time

scale. We consider now the other two time scales: infor-
mation theory and resource allocation.

Throughput per user [Mbps]
w
T

= e
0 2 4 6 8 10 12
Traffic demand per cell [Mbps]
12 T T T T T

v/imu= 1, complete

v/mu= 1, intracell

v/mu= 10, complete

L]

mu= 10, intracell

Throughput per user [Mbps]

0 1 1
0 2 4 6 8 10 12

Traffic demand per cell [Mbps]

Fig. 4 WET model for complete and intracell mobility

6.1 Single link (Information theory)

The wireless channel with multi-path fading may be
modelled as a linear time-variant system characterized by a
transfer function 7(f, #) which depends on frequency f and
time 7. A crucial characteristic of such system, called
coherence time, is the typical time interval for the transfer
function T(f, t) to change significantly, for a fixed fre-
quency f. It may be shown that the coherence time is
roughly inversely proportional to user’s speed (see for
example [21], Chap. 9). This formalizes the intuitions that
the more the user moves, the more the channel is variable.

On the other hand, the wireless channel may be viewed
as a channel with different states (typically the values of
the fading at successive time instants). In such channels,
from the information theory point of view, the knowledge
of the channel state at least by the receiver (called Channel
State Information at Receiver CSIR) is crucial to counter-
act the harmful effect of its variability (see for example
[1, Fig. 7]).

The increase of the channel variability makes it more
difficult to track its state, and thus to loose the
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improvement due to CSIR. Thus the user’s mobility is
harmful from this point of view.

6.2 Resource allocation

A resource allocation is said opportunistic when at each
time, each bandwidth portion is allocated to the user with
the most favorable fading state. This requires the knowl-
edge of the channel state at the transmitter (called Channel
State Information at Transmitter CSIT).

It is observed in [25, Sect. 6.2], that the opportunistic
allocation scheme is suitable for slow varying fading as in
the case of fixed (or pedestrian) users for example. For fast
varying fading, due to high mobility of users, it is difficult
to track the rapidly varying channel, and thus only a non-
opportunistic allocation scheme is possible. On the other
hand, the opportunistic allocation improves performance
(compared to non-opportunistic allocation) as shows for
example in [9]. Thus, we deduce from the above analysis
that mobility is harmful for performance when we consider
its effect on the possibility of an opportunistic resource
allocation scheme.

6.3 Perspective

It is interesting in future work to couple the fact that
mobility at the queueing theory time-scale ameliorates the
performance with the fact that mobility degrades perfor-
mance at the information theory and resource allocation
time-scales. In other words, what is the cumulative effect
of user’s mobility on the global performance?

7 Conclusion

We give an analytic approximation of the performance of
elastic traffic in wireless cellular networks accounting for
the mean user speed. To do so we consider a Markovian
model for such networks called WET model.

We firstly consider intracell mobility where users are
confined to remain within their serving cell. The perfor-
mances of this model for the extreme mobility regimes of
null and infinite user speeds are expressed analytically.
Unfortunately, no analytical results are known for inter-
mediate user speed. Thus, we propose for such speeds to
approximate the WET model by a Whittle one for which
the performance is known analytically. The numerical
results show that the throughput per user of the WET
model is larger than that of the Whittle model. Moreover,
for a moderate traffic demand (small compared to the
critical value corresponding to instability), the throughput
per user of the WET model may be well approximated by
that of the Whittle model.

@ Springer

Then we consider the complete mobility where users
may either move within each cell or make a handover (i.e.
change to another cell). The simulation of the WET model
in this context lead to the following observations. When the
mean user speed is moderate, the performance of complete
mobility may be approximated by that of intracell mobility.
On the other hand, when the mean user speed is high, the
performance of complete mobility is better than that of
intracell mobility.

We deduce that the Whittle approximation may be used
for a conservative dimensioning of cellular networks (since
it underestimates the user’s throughput). Moreover, when
the traffic demand and the user speed are moderate, the
agreement between the Whittle approximation and the
WET model with complete mobility is good. In this context,
the Whittle approximation leads to a precise dimensioning.
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Appendix 1: Completely aimless mobility

We present in this appendix 1 mobility model based on the
following assumptions (see [29]):

e The speeds of the users are considered as random
vectors in R* and are assumed independent and
identically distributed.

e The speed direction of a typical user is a random
variable which is uniformly distributed in [0,27].

Following the authors of [23] we call this model com-
pletely aimless mobility.

Let V be the speed magnitude of a typical user, F be its
cumulative distribution function and v = E[V] be its mean.

1.1 Sojourn duration

We are interested in the user’s sojourn duration in a given
geographic zone of area A and perimeter L. Much as in
[29], we derive a relation between the average sojourn
duration (which will be useful in the construction the
mobility kernel in the following section) and the average
speed.

We are interested in the users crossing an infinitesimal
element dl of the border (for example from outside to
inside) within an infinitesimal duration dz. Such users are
located in a rectangle of sides dl and Vcosadt, as illustrated
in Fig. 5, where:

e Vs the user’s speed magnitude;
e and o is the angle formed by the user’s speed vector and
the perpendicular to dl.
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Integrating over V and o, we obtain the average number
of users crossing an element d/ of the border of the zone,
from outside to inside, during dt

/2 400
d

/ / VE(dV) cos 0o pdidt = 22 did
2 T

-n/2 0

where p is the density of users per surface unit, F is the
cumulative distribution function of the user’s speed
magnitude and v = E[V]. Then the average number of
users crossing the zone border per time-unit denoted A
(which is the average arrival rate of users to the zone) is
given by

A=vpL/n (14)

where L is the perimeter of the zone.

Denote 1 the average sojourn duration of a user in a zone
and M the average number of users in the zone. By Little’s
formula, we have

M=
which gives
_ A
t=Mi = pa = =0 (15)
vpL v L

where A is the surface of the zone. For a disc of radius R,
we have A/L = R/2.

The authors of [23] consider an exponential distribution
for the sojourn duration. This assumption is justified by
[19].

1.2 Intracell mobility

The cell is modeled by a disc of radius R which is divided
into J rings. Each ring denoted by some j € {1, ..., J} is
delimited by discs with radii 7;,; and r; where ry = 0 and
r;=R. Let A; = n(r; — r7,) be the surface of ring j. Of
course J should be large enough to capture correctly the
geometry of the problem.

V cos(av)dt

P

zone

o

Fig. 5 Rectangle containing customers crossing an element d/ of the
border during dt

dl V
V

Consider the case where mobility is within a given cell.
Denote i} the inverse of the average sojourn duration of
users at ring j. Applying (15) gives

vL; ri+rji-1 .
N=—"T=p Ll T =1,...,J -1
j TEAJ U Aj ) J b )

v Ly ry-1
M= =2
7 TEAJ AJ

A user finishing its sojourn at ring j is routed:

e either to ring j — 1 or to ring j + 1 with respective
probabilities p}‘i_l = r;./(r; + rji—) and p} 1 =1l
ri+r_,ifj=2,..,J -1,

e to ring 2 with probability 1, if j = 1;

e toring J — 1 with probability 1, if j = J.

Define the mobility kernel (4y) on {1, ..., J} by

)‘jk:/lj/'pj/‘k7 ],ke{l,,]}

We deduce from the above results that

ijj_1:21)’z\i, j=2,,J

J

2 WL =101 (16)
jjrl = 20—, =1,..,J—1.

7J Aj

Proposition 6 The mobility kernel (4 ; y gix {1, ..., J})
where the Ay are given by (16) admits

A

szw, ‘]:17,.] (17)
as invariant probability measure, i.e. (c;, j€ {1, ..., J}) is

solution of the following balance equations

0> Jik = oihkj, JE{l,... T} (18)
k k

Proof Equation (18) may be written as follows

Gj()vj,jfl + ;L:/"/LF]) = O'j;lljfl‘j + 0'j+1)vj+1,j fOI'j = 27 .. .,J -1
01412 = 02421
ajhyj—1 = 01717-171,1

For the rates (16) we get

Lt

) Tio1 ) T . B
Oj A Oj—-1 A + Oj+1 A fOI'] = 2, R | 1

I I
ni =0t

rj—1 __ ry_
01 = 0I-15

which clearly admits ¢ given by (17) as solution. O

We introduce a “ virtual” state 0 which can be seen as a
location outside the cell, and which represents the location
of calls arriving to or leaving the cell. We consider now
some arrival rates denoted /Ay and some departure rates
denoted 4. We call (Ayy, ke {0, 1, ..., J}) the traffic
kernel; which may be seen as an extension of the mobility
kernel (Agy, ke {1, ..., J}P to {0, 1, ..., J}.
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Proposition 7 Consider the motion rates (16), and let
Joj >0 and Jjo > 0 be the arrival and departure rates
respectively. Then for each speed v > 0, the following
traffic equations

J J
po =1 and piZijk:Zpkikj, jed{l,...J}  (19)
=0 =0

(associated to the traffic kernel (jj, k € {0, 1, ..., J}))
admit a unique solution. O

Proof The traffic kernel (A, k € {0, 1, ..., J} ) is irre-
ducible by the positivity of the arrival and departure rates.
Since the state space {0, 1, ..., J} is finite, the Markov
process associated to the traffic kernel is positive recurrent
and admits an invariant measure p with positive terms and
unique up to a multiplicative factor (see [18]). Hence (19)
admit a unique solution.

1.3 Intercell mobility

Let A, be the inverse of the average sojourn duration of
users within cell u. Applying (15) we get
, vL 2

_br_ 2 20
W= AT R (20)

where the perimeter equals L = 2nR and the area equals
A = 7 R®. If each base station has six neighbors as in the
toric hexagonal model, then a user finishing its sojourn in
cell u is routed to a neighboring cell v with probability

1

p;,v :6

Define the mobility kernel 4, , on the set of cells by

)‘MN = /“/up/uv
L, v (21)
T 6" 37R

for each pair of neighboring cells u, v.

1.4 Complete mobility

Consider now a network of hexagonal cells such that each
one has exactly six neighbors. Each cell is approximated by
a disc and divided into J rings. The cells are indexed by
ueld =A{I1,...,U}, and the rings by j € 7 ={1,...,J}.
The ring j of the cell u is indexed by uj € U x J.

Remark 3 We may alternatively index the rings of cell
uby(u—1)J+1,...(u — 1) J + J. Hence each ring is
identified by some location x = {1, ..., U x J}. From a
given such location x, we may retrieve the index of the
corresponding cell u# and ring j by the Euclidean division

x=1=@w-10)J+@G-1), 1<j<J.
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Denote ﬂv;_,» the inverse of the average sojourn duration of
users in the ring uj. Applying (15) gives

PO S W Rt/ S

== , uel,jeJ.
W TEAj Aj " J j

A user finishing its sojourn in ring uj is routed:

e to either ring u(j — 1) or ring u(j + 1) with respective
probabilitiespuj’u(,» -1H= r]_l/(rj + rj_l)andpuj,u(j +1H=
il + i), ifj =2, ...,J - 1;

e to ring u2 with probability 1, if j = 1;

e to either ring u(J — 1) or ring vJ, where v is a neighbor
of u, with respective probabilities p,; . - 1y = 7 - 1/
(ry+ r;_ 1) and pi”’v] = %r;/(rj +ry),ifj=J.
Define the mobility kernel (4,j,x) on U x J by

dujok = lyPrir UV €Uk E T

We deduce from the above results that

j=2,...,J

j=1,..,0—-1

v is a neighbor of u.

Aju(j1) = 2')%1’
Aju(jr1) = 20%, (22)
gy = %D/%,
The result of Proposition 6 may be easily extended to
the complete mobility case as follows.

Proposition 8 The mobility kernel (A uj,u,v €U,
J.k € J) given by (22) admits

ueld,jeJg

g =
T =% R
as invariant probability measure, i.e. (a,,j, ucl,je j) is
solution of the following balance equations

Ouj Z )vuj‘vk = Z Jvk;hvk,uﬁ uel,jeJ.

veu .keJ vel keJ

Proof Besides the proof of Proposition 6, it remains to
show that

gy l/luj,uu—l) + E iu],vJ‘| = 071 g1y + 07 g i
v v

which is equivalent to
CJ g u(g—1) = O -1 u(I—1) 0
which holds true. O

We introduce a “virtual” location 0 which can be seen
as a location outside the cell, and which represents the
location of calls arriving to or leaving the network. We
consider now some arrival rates denotes A ,; and departure
rates denoted A, 0. We call (4w uj, vk € (U x T) U{0})
the traffic kernel; which may be seen as an extension of the
mobility kernel (Ayju;uj,vk €U x J) to (U x J) U {0}.
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The following proposition shows the relation between
the invariant measures of the traffic kernels associated to
intracell and complete mobility models respectively.

Proposition 9 Assume that the arrival and departure
rates don’t depend on the particular cell but only on the
ring in which they occur; i.e. 2o ,; = Jojand Ao = Ajo. If
(pj;j € J U{0}) is solution of the traffic equations (19),
then (p,jiuj € (U x J)U{0}) defined by

puw=po=1 pj=p, ueljcd (23)

is solution of the traffic equations associated to the traffic
kernel (Jyju;uj, uk € (U x T)U{0}); i.e. pyo = I and for
all ueld,je J

vke (U= T)U{0} vke(Ux J)U{0}

Puj iuj,vk = pvk)“vk,uj’ (24)

Proof Assume that (p;;j € J U{0}) is a solution of (19).
Let’s verify that (p,;uj € (U x J)U{0}) defined by
((23) satisfy (24),ie. forj=2,....,J — 1

P; (Zj0 + Aujuti-1) + Aujuin))
= Po/lO,uj + pj—l/lu(j—l),uj + pj+l/lu(j+l),uj

and

pl (iul?O + ﬂvlllA,uZ) = pO/IO,ul + pz)“ul,ul
P j~14‘I,0 + )vul,u(lfl) + Z /’LMJ,VJ
v

= pOJVO,uJ + ,0]—1/114(]71),14] + Z pj/leAu]

which are clearly satisfied since /A, = Ax and
Zv/“uJ,vJ = Zvivl,uﬁ ]
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